In this paper we present some coupled coincidence point results for (ψ , ϕ)-weakly 
Theorem . ([], Theorem .) If in the above theorem, in place of the continuity of F, we assume the following conditions, namely, (i) if a non-decreasing sequence {x n } → x, then x n x for all n, and (ii) if a non-increasing sequence {y n } → y, then y n y for all n, then F has a coupled fixed point.
The concept of an altering distance function was introduced by Khan et 
ψ G F(x, y), F(u, v), F(s, t) ≤ ψ max G(gx, gu, gs), G(gy, gv, gt) -ϕ max G(gx, gu, gs), G(gy, gv, gt) (.)
for all x, y, u, v, w, z ∈ X with gw gu gx and gy gv gz. Also, suppose that F(X × X) ⊆ g (X) . If there exist x  , y  ∈ X such that gx  F(x  , y  ) and F(y  , x  ) gy  , then F and g have a coupled coincidence point. http://www.fixedpointtheoryandapplications.com/content/2013/1/206
Definition . [] Let (X, ) be a partially ordered set, and let G be a G-metric on X. We say that (X, G, ) is regular if the following conditions hold: (i) If {x n } is a non-decreasing sequence with x n → x, then x n x for all n ∈ N.
(ii) If {x n } is a non-increasing sequence with x n → x, then x n x for all n ∈ N. [] , extended the notion of G-metric space to the concept of G b -metric space (see Section ). In this paper, we obtain some coupled coincidence point theorems for nonlinear (ψ, ϕ)-weakly contractive mappings in partially ordered G b -metric spaces. These results generalize and modify several comparable results in the literature. Aghajani et al. in [] introduced the concept of generalized b-metric spaces (G b -metric spaces) and then they presented some basic properties of G b -metric spaces.
Theorem . ([
]
Mathematical preliminaries
The following is their definition of G b -metric spaces.
Definition . []
Let X be a nonempty set, and let s ≥  be a given real number. Suppose that a mapping G : X × X × X → R + satisfies:
Then G is called a generalized b-metric and the pair (X, G) is called a generalized b-metric space or a G b -metric space.
It should be noted that the class of G b -metric spaces is effectively larger than that of G-metric spaces given in [] . Indeed, each G-metric space is a G b -metric space with s =  (see also [] ).
The following example shows that a G b -metric on X need not be a G-metric on X. 
Also, in the above example, (X, G * ) is not necessarily a G-metric space. For example, let X = R and G-metric G be defined by
is not true for x = , y =  and z = . To see this, we have
Now we present some definitions and propositions in a G b -metric space.
Definition . [] Let (X, G) be a G b -metric space. Then, for any x  ∈ X and any r > , the G b -ball with center x  and radius r is
For example, let X = R and consider the G b -metric G defined by
for all x, y, z ∈ R. Then
By some straightforward calculations, we can establish the following. From the above proposition, the family of all G b -balls
is a base of a topology τ (G) on X, which we call G b -metric topology. Now, we generalize Proposition  in [] for a G b -metric space as follows.
Proposition . []
Let X be a G b -metric space. Then, for any x  ∈ X and r > , we have 
Using the above definitions, we can easily prove the following two propositions.
Proposition . []
Let X be a G b -metric space. Then the following are equivalent:
The following are equivalent:
Definition . Let (X, G) be a G b -metric space. A mapping F : X × X → X is said to be continuous if for any two G b -convergent sequences {x n } and {y n } converging to x and y, respectively, {F(x n , y n )} is G b -convergent to F(x, y).
Mustafa and Sims proved that each G-metric function G(x, y, z) is jointly continuous in all three of its variables (see Proposition
for s >  is not jointly continuous in all its variables. Now, we present an example of a discontinuous G b -metric.
| if one of m, n is even and the other is even or ∞,  i fo n eo fm, n is odd and the other is odd (and m = n) or ∞,  o t h e r w i s e .
Then it is easy to see that for all m, n, p ∈ X, we have 
. Now, we show that G(x, y, z) is not a continuous function. Take x n = n and y n = z n = . Then we have x n → ∞, y n →  and z n → . Also,
On the other hand,
So, from the above discussion, we need the following simple lemma about the G bconvergent sequences in the proof of our main result.
Lemma . Let (X, G) be a G b -metric space with s > , and suppose that {x n }, {y n } and {z n } are G b -convergent to x, y and z, respectively. Then we have
In particular, if x = y = z, then we have lim n→∞ G(x n , y n , z n ) = .
Proof Using the triangle inequality in a G b -metric space, it is easy to see that
Taking the lower limit as n → ∞ in the first inequality and the upper limit as n → ∞ in the second inequality, we obtain the desired result.
Main results
Our first result is the following. 
, that is, gx  gx  and gy  gy  . In this way, we construct the sequences {z n } and {t n } as z n = gx n = F(x n- , y n- ) and t n = gy n = F(y n- , x n- ) for all n ≥ , inductively.
One can easily show that for all n ∈ N, z n- z n and t n- t n . We complete the proof in three steps.
Step I. Let
we shall prove that lim n→∞ δ n = . Since gx n- gx n gx n and gy n- gy n gy n , using (.) we obtain that
If for an n ≥ , δ n = , then the conclusion of the theorem follows. So, we assume that
Let, for some n, δ n- < δ n . So, from (.) as ψ is non-decreasing, we have
that is, ϕ(δ n- ) ≤ . By our assumptions, we have δ n- = , which contradicts (.). Therefore, for all n ≥ , we deduce that δ n+ ≤ δ n , that is, {δ n } is a non-increasing sequence of nonnegative real numbers. Thus, there exists r ≥  such that lim n→∞ δ n = r. Letting n → ∞ in (.), we get that
So, ϕ(r) = . Thus,
Step II. We shall show that {z n } and {t n } are G b -Cauchy sequences in X. So, we shall show that for every ε > , there exists k ∈ N such that for all m, n ≥ k,
Suppose that the above statement is false. Then there exists ε > , for which we can find subsequences {z m(k) } and {z n(k) } of {z n } and {t m(k) } and {t n(k) } of {t n } such that
Further, corresponding to m(k) we can choose n(k) in such a way that it is the smallest integer with n(k) > m(k) satisfying (.). So,
From the rectangle inequality we have
and
If k → ∞, as lim n→∞ δ n = , from (.) and (.) we conclude that
On the other hand, we have
Similarly,
So, we have
Taking the upper limit as k → ∞ in the above inequality and using (.), we obtain
Consequently, from (.) we get
As gx m(k) gx n(k)- gx n(k)- and gy m(k) gy n(k)- gy n(k)-
Taking the upper limit as k → ∞ in the above inequality and using (.) and (.), we have
which implies that
, which is a contradiction to (.). Consequently, {z n } and {t n } are G b -Cauchy.
Step III. We shall show that F and g have a coupled coincidence point. Since X is G b -complete and {z n } ⊆ X is G b -Cauchy, there exists z ∈ X such that
Similarly, there exists t ∈ X such that
Now, we prove that (z, t) is a coupled coincidence point of F and g. The continuity of g and Lemma . yield that
Hence,
and, similarly, we get
Since gx n+ = F(x n , y n ) and gy n+ = F(y n , x n ), the commutativity of F and g yields that
and g(gy n+ ) = g F(y n , x n ) = F(gy n , gx n ).
From the continuity of F, {g(gx n+ )} is G b -convergent to F(z, t) and {g(gy n+ )} is G bconvergent to F(t, z). By uniqueness of the limit, we have F(z, t) = gz and F(t, z) = gt. That is, g and F have a coupled coincidence point.
In the following theorem, we omit the continuity and commutativity assumptions of g and F. Since {gx n } is non-decreasing and {gy n } is non-increasing, from regularity of X we have gx n gu and gy n gv for all n ≥ .
Using (.), we have
-ϕ max G(gx n , gx n , gu), G(gy n , gy n , gv) .
In the above inequality, by using Lemma ., if n → ∞, we have
and hence, gu = F(u, v) and F(v, u) = gv. Now, let gy  gx  . Then gv gy n gy  gx  gx n gu for all n ∈ N. We shall show that gu = gv.
From (.), we have ψ s max G(gu, gu, gv), G(gv, gv, gu) ≤ ψ max G(gu, gu, gv), G(gv, gv, gu) -ϕ max G(gu, gu, gv), G(gv, gv, gu)
≤ ψ s max G (gu, gu, gv), G(gv, gv, gu) -ϕ max G(gu, gu, gv), G(gv, gv, gu) . http://www.fixedpointtheoryandapplications.com/content/2013/1/206
Therefore, max{G(gu, gu, gv), G(gv, gv, gu)} = . Hence, we get that G(gv, gv, gu) = G(gu, gu, gv) = , and this means that gu = gv. Now, let t = gu = gv. Since F and g are w-compatible, F(t, t) . Thus, F and g have a coupled coincidence point of the form (t, t) . Note that if (X, ) is a partially ordered set, then we can endow X × X with the following partial order relation:
In the following theorem, we give a sufficient condition for the uniqueness of the common coupled fixed point. Similar conditions were introduced by many authors (see, e.g., [, , , , -]).
Theorem . Let all the conditions of Theorem . be fulfilled, and let the following condition hold: For arbitrary two points (x, y), (z, t), there exists (u, v) such that (F(u, v), F(v, u)) is comparable with (F(x, y), F(y, x)) and (F(z, t), F(t, z)).
Then F and g have a unique common coupled fixed point.
Proof Let (x, y) and (z, t) be two coupled coincidence points of F and g, i.e.,
We shall show that g(x) = g(z) and g(y) = g(t).
Suppose that (x, y) and (z, t) are not comparable. Choose an element (u, v) ∈ X × X such that (F(u, v), F(v, u) ) is comparable with (F(x, y), F(y, x) ) and (F(z, t), F(t, z) ).
. Then, similarly as in the proof of Theorem ., we can inductively define sequences {gu n } and {gv n } such that gu n+ = F(u n , v n ) and gv n+ = F(v n , u n ). Since (gx, gy) = (F(x, y), F(y, x) ) and (F(u, v), F(v, u)) = (gu  , gv  ) are comparable, we may assume that (gx, gy) (gu  , gv  ). Then gx gu  and gy gv  . Using the mathematical induction, it is easy to prove that gx gu n and gy gv n for all n ∈ N.
Let γ n = max{G(gx, gx, gu n ), G(gy, gy, gv n )}. We shall show that lim n→∞ γ n = . First, assume that γ n =  for an n ≥ .
Applying (.), as gx gu n and gy gv n , one obtains that
So, from the properties of ψ and ϕ, we deduce that γ n+ = . Repeating this process, we can show that γ m =  for all m ≥ n. So, lim n→∞ γ n = . Now, let γ n =  for all n, and let γ n < γ n+ for some n.
As ψ is an altering distance function, from (.)
This implies that γ n = , which is a contradiction. Hence, γ n+ ≤ γ n for all n ≥ . Now, if we proceed as in Theorem ., we can show that To prove the uniqueness of a coupled common fixed point, assume that (p, q) is another coupled common fixed point of F and g. Then p = gp = F(p, q) and q = gq = F(q, p). Since (p, q) is a coupled coincidence point of F and g, we have gp = ga and gq = gb. Thus, p = gp = ga = a and q = gq = gb = b. Hence, the coupled common fixed point is unique.
The following corollary can be deduced from our previous obtained results. http://www.fixedpointtheoryandapplications.com/content/2013/1/206 Theorem . Let (X, ) be a partially ordered set, and let (X, G) be a complete G b -metric space. Let F : X × X → X be a mapping with the mixed monotone property such that The following corollary is an extension of the results by Choudhury and Maity (Theorems . and .).
Theorem . Let (X, ) be a partially ordered set, and let (X, G) be a complete G b -metric space. Let F : X × X → X be a mapping with the mixed monotone property such that Example . Let X = R be endowed with the usual ordering, and let G b -metric on X be given by G(x, y, z) = (|x -y| + |y -z| + |x -z|)  , where s = .
Define F : X × X → X and g : X → X as
Obviously, all the conditions of Theorem . are satisfied. Moreover, (, ) is a coupled coincidence point of F and g.
Applications
In this section, we obtain some coupled coincidence point theorems for mappings satisfying some contractive conditions of integral type in an ordered complete G b -metric space.
Denote by the set of all functions μ : [, +∞) → [, +∞) verifying the following conditions:
(I) μ is a positive Lebesgue integrable mapping on each compact subset of [, +∞). There exists μ ∈ such that gx,gu,gw),G(gy,gv,gt) gx,gu,gw),G(gy,gv,gt) 
If the other conditions of Theorem . hold, then F and g have a coupled coincidence point.
gw), G(gy, gv, gt) .
Taking ψ  = oψ and ϕ  = oϕ and applying Theorem ., we obtain the proof. Now, if we define ψ  = ψo and ϕ  = ϕo and apply Theorem ., then the proof is obtained.
As in [], let n ∈ N be fixed. Let {μ i } ≤i≤N be a family of N functions which belong to . For all t ≥ , we define I  (t) = 
F(x, y), F(u, v), F(w, t) , G F(y, x), F(v, u), F(t, w) ≤ψ max G(gx, gu, gw), G(gy, gv, gt) -φ max G(gx, gu, gw), G(gy, gv, gt)
. Now, applying Theorem ., we obtain the desired result.
Another consequence of our theorems is the following result. 
Conclusions
We saw that the results of Cho et al.
[] and the results of Choudhury and Maity [] also hold in the context of G b -metric spaces with some simple changes in the contractive conditions. The most difference between the concepts of G-metric and G b -metric is that the G b -metric function is not necessarily continuous in all its three variables (see, Example .). On the other hand, by a simple but essential lemma (Lemma .), we can prove many fixed point results in this new structure.
